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Abstract 

Let Li,L2 be compact special Lagrangian submanifolds of a Calabi-Yau man- 
ifold, and suppose Li, L2 intersect transversally at a point p. One can construct 
another special Lagrangian submanifold M by gluing a Lawlor neck |S] into L1UL2 
at p; see Butscher [5], D. Lee [5], Y. Lee [TU], and Joyce [S]- By construction, M is 
close to the Lawlor neck near p and to Li U L2 away from p. The main result of 
this paper is a uniqueness theorem for special Lagrangian submanifolds which are 
close to the Lawlor neck near p and to Li U L2 away from p; see Theorem ll.il 

1. Introduction 

Let (VF, 51) be a Calabi-Yau manifold of complex dimension m, i.e., a Kahler 
manifold W with a holomorphic m-form D, such that \n\ — 2™/^. We call fl a 
complex volume form. Let M be an oriented submanifold of W. We call M a 
special Lagrangian submanifold of {W, ft) if fl\]\f is the volume form of M. If M is 
a special Lagrangian submanifold, then M is minimal and Lagrangian; see Harvey 
and Lawson [IJ Corollary 1.11, Chapter III]. 

Let (z^, . . . , z™) be the complex coordinates on C™, and set 

O' = dz^ A • • • A dz"". 

51' is a complex volume form on (C™,5'). Set 

= R™ - {(n, . . . ,r,„) e C™|ri, . . . e R}. 

is a special Lagrangian submanifold with respect to 51'. Let 0i, . . . ,9m G (0,7r) 
with 61 + ■ ■ ■ + 9„i ~ TT, and set 

L'2 - {(rie*^\ . . . ,r,^e'^'") £ C">i, . . . , r„ e M}. 

L2 is a special Lagrangian submanifold with respect to 51'. Let if be a Lawlor 
neck [8], i.e., a special Lagrangian submanifold of (C'",51') which is asymptotic to 
L'iVJL'2 at 00 and difFeomorphic to Rx where S™~^ is the sphere of dimension 

m — 1. 

Let Li, L2 be compact special Lagrangian submanifolds of (VF, 51), and suppose 
Li,L2 intersect only at a point p. Let J be the complex structure of the Kahler 
manifold W, and g the Kahler metric of W. Let { Js}s>o be a smooth family of 
complex structures on W converging to J as s +0. Let gs be a smooth family 
of Kahler metrics with respect to Jg converging to 17 as s — >■ +0, and 51^ a smooth 
family of complex volume forms with respect to gs converging to 51 as s — > +0. Let 
< fls <bs, and suppose 

(1.1) Qs = i?s, bs = 0(5^) for some > 0, < ^ < 1, 
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where 0{s^) is an infinitesimal of order . Let uig be tlie symplectic form gs{Js*, •), 
and Lu' the standard symplectic form on C™. Let fs be a smooth family of Darboux 
charts centered at p in {W,lUs), i.e., 

peucw, fs-.U^C"', Up) = 0, />' = 0.,. 

Suppose c?/s maps TpLi,TpL2 C TpM^ onto L[,L2 C C™ respectively. Suppose Fg 
is a smooth family of diffeomorphisms of W such that Fs converges to the identity 
as s — > +0, and F*lJs = ^, where w = g{J*,*). Consider a compact special 
Lagrangian submanifold Ms of (W,ris) satisfying: 

(Bl) there exist a's > as and a normal vector field Us on Ms n B{as) in (T4^, ^s) 
such that Ms B{as) is contained in the graph of Us on f^^{sK) n B(a'^), 
and ||ms||ci = o(s); 

(B2) there exist 6^ < bs and a normal vector field Vs on Fs{Li U L2) \ B(b's) in 
(M^, (7s) such that Afs \B{bs) is contained in the graph of Vs on Fs (Li U L2) \ 
B{b's), such that ||i's||ci = o(s^), and such that UsJWs is an exact 1-form 
on Fs{LiUL2)\ Bib's); 
here B{r) is the metric ball of radius r > centered at p in (M^, ^s), and o(s), o(s'^) 
are infinitesimals of order higher than s, respectively. For the gluing construction 
of Ms, see D. Lee [9l Theorem 1] or Joyce P| Theorem 9.10]. The main result of 
this paper is a uniqueness theorem for Ms. Suppose m > 2. 

Theorem 1.1 (The Main Result). There exists at most one compact special La- 
grangian submanifold Ms of (W,Qs) satisfying (Bl) and (B2) whenever s > is 
sufficiently small and R > is sufficiently large. 

Here, i? > is as in (ITTT]) . 

(Bl) and (B2) are assumptions on M n B{as) and M \ B{bs) respectively. We 
do not make any assumption on 

(1.2) Msn(S(6s)\BM). 

We shall give the idea of the proof of the main result of this paper. Let Afs be 
as in Theorem ll.il We prove that (|1.2p is close to 

(1.3) {TpL,UTpL2)n{B{bs)\B{^). 

Once this has been done, we can prove Theorem 11.11 by the maximum principle as 
in Thomas and Yau [T5j Lemma 4.2]. 

We shall explain how we prove that (|1.2p is close to (|1.3|) . We do it in a way 
similar to the proof of Simon's theorem |13l Theorem 5, p563]. It is a uniqueness 
theorem for smooth tangent cones of minimal submanifolds with isolated singular 
points. Consider a minimal submanifold Y with an isolated singular point. It is 
important in the proof of Simon's theorem that Y satisfies a monotonicity formula 
on balls centered at the singular point. On the other hand, (|1.2|) does not satisfy 
the same monotonicity formula as Y since ()1.2p is not contained in any ball centered 
at p. We prove a different monotonicity formula for (|1.2p . Suppose for simplicity 
that M is a special Lagrangian submanifold of (C™, J7'), and M is a closed subset 
of B{b) \ B{a), where B{b),B{a) are the balls of radii b > a centered at G C™. 
We prove that 

(1.4) [ r^-'^drM' < I r^-'^drM', 

JMndBic) JMndBid) 



A UNIQUENESS THEOREM FOR GLUING SPECIAL LAGRANGIAN SUBMANIFOLDS 3 



for almost every c, d with a < c < d < b, where r is the Euchdean distance 
from 0, and dr is the vector field d/dr. This is a higher-dimensional analogue 
of Hofer's energy estimate for pseudo-holomorphic curves in symplectizations of 
contact manifolds [5,, pp534-539]. Actually, (jl.4p holds only for the Euclidean 
metric. For a general metric, we prove a monotonicity formula with an error term. 

In Simon's theorem, it is assumed that the minimal submanifold Y has a smooth 
tangent cone 

(1.5) [0,oo) X X/{0} X X, 

where X is a compact smooth manifold. It is important in the proof of Simon's 
theorem that the distance of Y from (jl.Sp satisfies an a-priori C^-estimate. We 
replace (|1.5|) by (os, hs) y. X since we consider (|1.3p . We prove that the distance of 
(|1.2p from (jl.Sp satisfies a similar a-priori C^-estimate. 

Using the monotonicity formula and the a-priori estimate, we prove that (jl.2p is 
close to (|1.3p . This is the key step to the proof of Theorem 11.11 

We begin with the statement of the key step to the proof of Theorem 11.11 see 
Section [51 In Section |3] we prove the monotonicity formula for special Lagrangian 
submanifolds of annuli. In Section |4] we prove the a-priori estimate similar to that 
of Simon. In Section [5] we complete the proof of the main result of this paper. 
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2. Statement of the Key Step 

In this section we state the key step to the proof of the main result of this paper; 
see Theorem 12.21 

We begin with a review of calibrated geometry [4]. Let W he a, Riemannian 
manifold. An m-form cj) ox\W is said to be of comass < 1 if <t>{vi, . . . , Vm) < 1 for 
every orthonormal vector fields wi, . . . ,Wm on W. A closed m-form of comass < 1 
on W is called a calibration of degree m on W . Let </> be a calibration of degree 
m on W . Let M be an oriented submanifold of W . We call M a (/>-submanifold 
of W if (/)|m is the volume form of M. By a theorem of Harvey and Lawson [J, 
(/(-submanifolds of W are minimal submanifolds of W . 

We shall set up the notation which we use in the statement of Theorem 12.21 
below. Let g' be the Euclidean metric on R", i.e., 

g' = dy'^ ®dy^ ^ h dy" dy" 

in the coordinates {y^,...,y") on R". Let 0' be a calibration of degree m on 
{R",g'). Suppose 4>' is parallel, i.e., 

cl>' = ^',,...,yy'' A---^dy'- 

for some S M. Let r be the radial coordinate | • | on (R" \ {O},;;'). Set 

(2.1) V' = (9.^00 

where dr is the vector field d/dr, j is the interior product of vector fields with 
differential forms, and 5"^^ is the unit sphere of {M.",g'). For every orthonormal 
vector fields vi, . . . , Wm-i on 5*"^^, we have 

(2.2) i^'ivi, . . . , Vm-l) = 4>'idr, Vi,..., Vm-l) < 1 
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since 9,-, vi, . . . , Um-i are orthonormal. Therefore, ^' is an (m— l)-forni of comass < 
1 on 5*"^^. Let X be a oriented submanifold of S*""^. We call X a ?/''-submanifold 
a ip'\x is the volume form of X. 

Proposition 2.1. ip' -submanifolds of S"'^^ are minimal submanifolds of S"~^ . 

Proof Let X be a ^/''-submanifold of S''-^. Set 

CX = {rx e M"|r G (0, oo), a; G X}. 

Then, by (I22|), is a (/)'-submanifold of (M",^'). Therefore, is a minimal 
submanifold of (M",g'). Therefore, X is a minimal submanifold of 5""^. □ 

Let / be an open interval of (0,oo), and X a submanifold of S"'^^. We embed 
/ X 5*"^^ into M" by {r,y) i-> ry. Let be a normal vector field on / x X in 
(/ X S'"-\5')- Set 

Ikllc" , sup \u\/r, \\u\\c^ = sup(|j/|/r + iDiyl), 
IxX IxX 

where Dv is the covariant derivative of i'. These are induced by the cylindrical 
metric g'/r^ on (0, oo) x S"""!. Set 



GcviM — I — (rx + iy{rx)) 



reI,xeX 



The key step to the proof of the main result of this paper is the following 

Theorem 2.2. Let (j)' he a parallel calibration of degree m on the Euclidean space 
(M",5'). andi})' the {m- 1) -form on the unit sphere S'^''^ of{W,g'). Let X he 
a compact ip' -submanifold of S"~^. Let < I < 1. Then, there exist cq, tjq, Cq, cq > 
depending only on l,m,n, X, (j)' such that if: 

(AO) < e < eo,- 

(Al) < ao < feo < oi < bi, ao/ba = ai/bi = I; 
(A2) g is a Riemannian metric on B"'{bi) with 

l|g-g'llci(S"(6i)) < e, ll.9-.9'llc2(B"(fci)) <1 

with respect to g' , and is the hall of radius hi centered at in (M", g'); 

(A3) (j) is a calibration on {B"{hi),g) with 

(1 + log-^) sup < e, 

where \ »\ is with respect to g' , and _B"(&i) is the ball of radius hi centered 
at m (K",5'); 

(A4) M is a closed subset of {ao,bi) x S"^^ , and M is a (j)-submanifold with 
respect to g; 

(A5) there exists a normal vector field Vi on (ai,bi)x X in {{ai,hi)xS"~^,g' /r'^), 
where i = 0, 1, such that 

M n {{a^,h,) X S"-^) = Gcyiii^,) with \W^\\c^^^^ < e, 

then there exists a normal vector field v on (ao,6i) x X in ((ao,&i) x S"^^ , g' /r^) 
such that 

(2.3) M = Gcyi(j^) with Ikllci^j < Coe"". 

We prove Theorem 12.21 in Section [SJ 
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3. A MONOTONICITY FORMULA 

In this section we prove a monotonicity formula for calibrated submanifolds 
of annuli; see Proposition 13.41 This is a higher-dimensional analogue of an energy 
estimate of Hofer '5] pp534-539] for pseudo-holomorphic curves in symplectizations 
of contact manifolds. 

Let (7 be a Riemannian metric on R", and (j) a calibration of degree m on (R", g). 

Proposition 3.1. Let M he a (f>-submanifold of (W^.g). If v is a normal vector 
field on M in (R",^), then we have 

{vs(I))\m = 0. 

Proof. It suffices to prove that for every point p G M and orthonormal vectors 
vi, . . . , Vm-i G TpM, we have 

(3.1) = 0. 

Choose V € TpM so that ui, . . . , Vm~i) — 1- Consider 

t ^ 4>p{{8int)Vp + {cOSt)v,Vi, . . . ,Vrn^i). 

By the definition of calibration, this attains maximum 1 a.t t — 0. Differentiating 
it at t = 0, we have (lO). □ 



Let g' be the Euclidean metric on E". Let r be the radial coordinate on the 
Euclidean space (R"-,^'), and dr the vector field d/dr- In the same way as Harvey 
and Lawson 4, Lemma 5.11, II. 5], we shall prove the following 

Proposition 3.2. Let M be a (f)-submanifold of (R", g). Then, we have 

(3.2) {Tli,dr^dr A(f>) = \prj.j^,j^dr\^, 

where (•,•) is the canonical pairing of poly-vector fields and differential forms, TM 
is the m-vector field on M dual to 4>\m , r = | • | is with respect to the Euclidean 
metric g' , and v^^tm^ projection of R" onto the normal bundle of M in 

(R",5). 

Proof. By Proposition 13.11 we have 

{v A TM, dr A(p) ^ {v, dr){TM, (j)), where v = Wj-j^j^dr. 
This proves □ 
Set 

m r 

(3.3) "^^^J^ {drA)dr. 
Proposition 3.3. i/" is an (m — l)-form on R" \ {0} such that 

(3.4) = d(— V' 



^ m 

Proof. Set X = dr-icj), and lo = dr-tdr A (f). Then, we have 

(3.5) = drAx + w. 

Since dr-tx — dr-"-^ = 0, we may regard x ^nd w as smooth families of differential 
forms on S"""^. By the definition of calibration, d4> = 0. Therefore, we have 

(3.6) rfs"-iX = 9rUJ, 
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where dg— i is the exterior differentiation on S*" ^. By p.Sp and p.6p . we have 

Xdr^ ~ d {dr-i(t))dr 

By ([331, this proves ([331) • □ 
Let (/)' a parallel calibration of degree m on the Euclidean space (R",;?'), Set 

(3.7) V' = 

Then, p.3p holds with ip' , ip' in place of 0, V' respectively. 

We shall prove a monotonicity formula with an error term. When = 0', it has 
no error term. 

Proposition 3.4. There exists C„,..„ > depending only on m,n such that 

(3.8) \m-^d^ - r-"'drjdr A < C™,„ sup |0 - 
where \ • |cyi is with respect to the metric g' jr"^ . 

Proof. By and (|3?7l) . we have 

(3.9) m-id^A - r-"'dr^dr A = dr/r A (r^^^a^ j0 - r^-'^dr^cf)' + V' " V')- 
By ((33| and ((3J| . we have 

Ir^-^a^j^-r^-^a^j^'lcyi < csup|0-<?!)'|, 

I^A - V^'lcyl < CSUp \(f>- 

for some c > depending only on m,n. Therefore, by p.9p . we have p.8p . □ 

We shall prove a proposition which we use in the proof of Lemma 13.61 below. We 
also use it in the key step to proof of the main result of this paper. 

Proposition 3.5. Let M be a (p-submanifold of (M", g), and suppose M is a closed 
subset of {a,b) x S"~^, where {a,b) x S"^^ is embedded into M" by (r,y) i— >■ ry. 
There exist C'm n > depending only on m, n such that if 

(3.10) (1 + mlog-) sup - 4>'\ < em,n, sup |g-5'|<l, 

(a,6)xS"-i (a,b)xS" 

then we have 

h r 



1-1 



Vol(M,5/r2)<C;„„log-limsup 

^2 j^j^^ a r^b JA/n{r}xS"-i 

+ C;,„(l + mlog-) / |prj,M-a.pdVol(M,g/r2). 



M 



Proof. By p.4p . we have 

Vol(M,5/r2)= / (/i/r™ = / (dr/r) A V' + / dV- 



By ((3?8l) . we have 



m-i / / |prj,j,^^a,pdVol(Af,(7/r2) + C™.„sup|(/.-0'|Vol(Af,.g7r2). 

Jai Jm 
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By ([3^ and (|3?2l) . we have 



{dr/r) Alp < log — limsup 
M ^ i — yb 



v.- 



Mn{r}xS"-i 



/ 

Jj\/n([a,rlxS"-i1 



< m log — lim sup 



Mn{r}xS" 



|prj,M^5,|'dVol(M,g7r2) 



Af 



+ mC™,„ log - sup 10 - 0'| Vol(Af, g'/r-^). 



Thus, we have 
Vol(M, 5/7-2) 



< m log — lim sup 

a r^b 



Mn{r}xS" 



+ (l + mlog-) / IpTTM^drl' dYoliM, g/r') 



M 



+ an,„(l + mlog -) sup - (/.'I Vol(M, g'/r^). 
a 

By ((XTU)) . we have 

C„,„(l + mlog-)sup|0-0'|Vol(A/,.97r2) < (1/2) Vol(A/, g/r^). 
a 

Thus, we have ((3?TTt . 



□ 



We shall prove a lemma which we use in the key step to the proof of the main 
result of this paper. It is similar to a lemma of Simon [13[ Lemma 3, p561]. We 
however use the monotonicity formula for 0-submanifolds of annuli. 

Lemma 3.6. Let cf)' be a parallel calibration of degree m on the Euclidean space 
(R",(7'), and let ip' be as in (13. 7p . Let X be a compact ip' -submanif old of S""^^ . Let 
e > 0, and < A < A" < A' < 1. Then, there exists S > such that if: 

(PI) g is a Riemannian metric on _B"(1) with l!^ — 5'||ci(S"(i)) ^ where \\*\\c'^ 

is with respect to g' , and _B"(1) is the unit ball of (R",^'); 
(P2) (j) is a calibration on {B^(l),g) with sxrp (^i-^ < S, where \ '\ is with 

respect to g' , and i?"(l) is the unit ball of {W\g'); 
(P3) M is a (f>-submanifold of (R", g), and M is a closed subset of (A, 1) x 5"^^, 

where (A, 1) x S^~^ is embedded into M" by (r,y) i— > ry; 
(P4) there exists a normal vector field v on (A', 1) x X m ((A', 1) x S^^^,g' /r"^) 

such that 

Mn ((A',1) X 5"-i) = Gcyi(j^) with \\v\\ci^^ < 6 

in the notation of Section\^ 
(P5) Ipr^M-S.p dVol(M,ff/r2) < S, 

then there exists a normal vector field v' on (A, 1) x 5"^^ in ((A, 1) x S"^^ , g' /r'^) 
such that 

M = G'cyi(j^') with |k'|(A",A')xS"-i|lci-i/" - ^' 

cyl 

where C^yY^ is the Holder space with respect to the metric g' /r^ on (A, 1) x S"~^ . 

Proof. Suppose there does not exist such 5. Then, for every j = 2,3,4,..., there 
exist gj,(j)j,Mj such that (PI), (P2), (P3), (P4) and (P5) hold with S ^ 1/j, and 
the following holds: 
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(P6) there does not exist any normal vector field v'j on (A", A') x X in ((A", A') x 
5"~\g7r2) such that 



Mj = G,yi{u'j) with |k;-|Li.i/2 < e. 

cyl 

By (PI), (P2) and (P3), we may apply Proposition [331 Therefore, by ((3lT|) . (P4) 
and (P5), we have 

(3.12) sup Vo\{Mj,gj/r^) <oo. 
Therefore, by (PI), we have 

sup Vol(M, ,5') < oo. 

i=2,3,4,... 

By (PI) and (P3), we have 

(3.13) lim (the mean curvature of Af,- in ((A, 1) x S'""^^')) = 

j-i-oo 

in the C°-topology. Thus, by AUard's compactness theorem [I] Theorem 5.6], there 
exists a subsequence Afj^, converging as varifolds to some rectifiable varifold Moo 

in((A,l) x5"-i,g')- 

Let ||Mtx)|| be the Radon measure on ((A, 1) x S"~^,g') induced by Moo- We 
shall prove 

(3.14) a'^WMooWia-^E) = \\Moo\\{E) 

for every a > 0, C (A, 1) x 5""^^ with aE C (A, 1) x S"^^. It suffices to prove 

(3.15) T-«" / /(ar)M||M„,|| =0 

"O ■/(A,l)xS"-i 

for every smooth functions h : S"^^ — > [0, oo) and / : (A, 1) [0, oo) with 
a(supp/) C (A,l). By (P2), (P5) and (jXT^ . we have 



hm / d^/jj 0, 

where ipj is as in p.3p with (pj in place of </>. Therefore, by (P3) and p.4p . we have 

the left-hand side of ((3131) = 4- 1™ / f{a.r)hd{—%lj.^) 

da k^oo /»,f. m 

= hm / ±iiarrfiar))-Ahi,,, 
k^oo j,f, da r 

= lim / a-^-^((ar)"'f{ar))dr AhtPi^ 

■Ik 



= lim - / a-\ar)"'f{ar)dhAiPj^. 

Therefore, by ^^i), (P2) and ((XT^ . we have 

the left-hand side of (IXTSj) lim - / a-i(ar)'"/(ar)ri-"9^j(d/i A 



By Proposition 13. 11 we have 

/ r-"^dr4dh A 0,, ) - / (pr^A,. 9,, dh) dVol(M,, , 5,, /r^). 
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This converges to by (P5) and (|3?T2l) . Thus, we have ([XTS]) . This proves ([3TT4|) . 

By (P4), the restriction of Moo to (A', 1) x 5"^^ is equal to (A', 1) x X as varifolds 
in ((A',1) X S"-^,g'). Therefore, by (IHJi)) . we have 

Moo = (A, 1) X X as varifolds in ((A, 1) x S'""\.g')- 

Therefore, Mj^ converges to (A, 1) x X as varifolds in ((A, 1) x S"^^,g'). Therefore, 
by p.l3p and Allard's regularity theorem [H Theorem 8.19], Mj^ converges to 
(A, 1) X X in the local C^'i/^.topology in (A, 1) x S"-^. This contradicts (P6), 
which completes the proof of Lemma 13.61 □ 



4. A-Priori Estimate 

In this section we prove an a-priori estimate similar to that of Simon [13 for an 
evolution equation ()4.5|) below. 

Let X be a compact smooth Riemannian manifold, V a smooth real vector bundle 
on X with a fibre metric and a metric connection. Let be the space of smooth 
sections ofV ^ X. Let E : ^ R satisfy 



.1) Ev^ F{x,v,D^v)d. 

Jx 



X 

for every v S C^, where D^v is the covariant derivative of v, and F = F(x,v,p) is 
a M-valued smooth function oi x G X, v G V\x, p € T*X (E}V\x- Suppose F satisfies 
the following conditions: 

(CI) {v,p) !-> F{x,v,p) is a real-analytic function on the vector space V\x ® 

{T*X (g) V\^) for every x e X; 
(C2) there exists c > such that for every x € X,£, e T*X, v G V\j;, 

^F{x,0,h^C^v) >c\e\v\^. 
dh'^ h=o 

By (CI), one can use the Lojasiewicz estimate [Tlj. This is important in the proof 
of a result of Simon; for the statement, see Proposition l4.1l below. (C2) is called the 
Legendre-Hadamard condition. Let — grad E : — > be the Euler-Lagrange 
operator of E, i.e.. 



h=0 



{gTadEiv),v')^, = A^E{v + hv') 
for every v^v' G C^, where 

(4.2) {v",v')li = f {v"{x),v'{x))dx; 

Jx 

here {v" (x) , v' (x)^ is the inner product on the fibre V\x a-t x ^ X . Suppose 

(4.3) grad£;(0) = 0, where G C^. 

Let to < too- Let C^^{to,trx,) be the space of all smooth sections u = u{t,x) with 
u{t, x) £ V\x for every it,x) G (to, too) X X. Let Ct%^(to,too) be the Holder spaces 
with respect to the product metric on (to, too) x X. Set u{t) — u{t,») G for 
every u = u{t,x) G Ct^(to, tcx))- 

We shall state a result of Simon which we use in the proof of Lemma l473l below. 
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Proposition 4.1 (Simon [131 Lemma 1, p542]). There exist 6o,9 > depending 
only on X, V, E such that if to < ts < t^ < too," G C't°^(^o, ^oo), <5 > and if 

(4 4) sup {EiO)-E{u{t))) <6, 

telt3,ti] 

\\dtuit)+gTa.dE{u{t))\\L2 < {3/A)\\dMt)\\L2 for every t e [^3,^4], 
then we have 

r \\dtuit)U2dt < {4/9){\E{u{t3)) - EiO)\' + S'). 

Here, || • ||l2 is with respect to (14. 2p . 

Consider u — u{t,x) £ Cj°^(to,^oo) satisfying 

(4.5) dfu - dtu - gia.dE{u) + R{u, dtu, dfu) = / 
as in Simon [13], where / £ C^^{to,too) satisfies 

(4.6) \\d^f{t)\\c2<Cfe-^('-'"^ foreveryte (to,too),fc = 0,l,2 
for some C/ > 0, and R : C;^ x x satisfies 

R{v,v'-^\v'''^'^) =A{X,V, Da:V,V^^^) ■ Dlv (g) v^^^ 

(4-7) + Yl B,i{x,v,D^vM'^)-Dlv^'^ 

(fc,;)=(o,i),(i4),(o,2) 

for every v, v'--^^ u*^^^ G , where A = A{x, v,p, q), B^i — Bkiix, v,p, q) are smooth 
functions of x £ X, v e V\x, p £ T*X ® V\x, q £ V\x with A{x,v,p,q) £ 
Hom((g)'r*X® FU® Bki{x,v,p,q) £ Hom({g)'T*X® V^U,FU) and 

Bki{x,Q,0,Q) = for every x £ X, {k,l) = (1, 0), (1, 1), (2, 0). Then, for every 
Co > 0, there exists ^4 = Si{X,V, E, RjC!,) > such that if ||m|| 1,1/2., ^ < ^4, 

then we have 

(4.8) \R{u{t),dMt), dMm < C'2{\dtu{t)\ + \D,dtu{t)\ + \dMt)\)- 

Let H -.C^ -i'C^ he the hnearized operator of gradE' at G C^. Then, (g!]) is 
of the form 

(4.9) dlu-dtU-Hu= aki{x,u,D,u,dtu)-Dld^u + f, 

0<k+l<2 

where aui = aki{x, u,p, q) are smooth functions of x £ X, v £ V\x, p £ T*X ® V\x, 
q £ V\x with aki{x,v,p,q) £ Hom(0' T*X ® F^, V"U), afcz(a;, 0, 0, 0) = for every 
X £ X,Q <k + l <2. Therefore, there exists 82 = (52 (^, V, E,R) > such that if 
u £ Cf^(to,ioo) with 1,1/2, % < ^2, then we have 

(4.10) max \\aki{x,u,DxU,dtu)\\ 0.1/2. ^ < 5i, 

0<fc+i<2 "'<-'t,x (to, too) 

where 5i = Si{X,V, E) > is given below. By the Legendre-Hadamard condi- 
tion (C2), df — (9f — is elliptic on (7^°^ (^o , ioo ) ■ Therefore, there exists 5i = 
Si{X,V,E) > such that if T > 0, iiw,g£ Ct^(-r/3, T/3) and if 

(4.11) dfw ~dtw~Hw= ^ hki{t, x) ■ D^d^w + g 

0<fe+i<2 
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with maxo</£+/<2 \\bki\\ (j0,i/2^_rp^^ j,^^^ < Si, then we have 

(4.12) \Mciy^(^T/5,T/5) - CiII^IIl?,J-T/4,T/4) + ^ H^ll c°;y=(-T/4,T/4) 

for some Ci = Ci{X,V, E;T) > 0; here L^,^{t',t") is with respect to the product 
metric on (t' , t") xX. (|4.12p is a Schauder estimate for elhptic systems; see Doughs- 
Nirenberg [3] and Morrey [T2]. 

We shah state a proposition which we use in the proof of Lemma below . One 
can prove it in the same way as a resuh of Simon; see [T3l Lemma 2, p549] or [Ml 
Lemma 3.3, Part II]. 

Proposition 4.2. There exist hjT^jSs > depending only on X, V, E such that 
ifT > n, ifw,ge C?%iO,ST) satisfy gH]) wtth ||&fc;|lc» Jo,3T) < '^3. and if 

IIsIIl? J0,3T) < S3^^^\MlI^{T,2T) with || U^H J0.3T) < 

then we have 

I|w|Il?,,(2T.3T) < e"''^||w||i2^(7.^2T) =^ I|w|Il?_,(T,2T) < £"''^11^11^2 ^(0^7.), 
\\w\\l1JT.2T) > e'''^\\w\\LlJQ,T) =^ \\w\\lIJ2T,3T) > e'^^lklii? JT,2T) , 

\\-w\\lIJt,2T} > e~''^||w||i2^(o^T) and || w||l2^(2t,3T) < e'^'^ll jt,2T) 

\\wmLl < {3/2)\\wit')\\Li for every t,t' € (T, 2r) 
and \\dtw{t)\\L2 < (l/2)||w(t)||i2 for every t e {T,2T). 

We shall prove a lemma which we use in the key step to the main result of this 
paper. It is similar to a result of Simon [13} Theorem 1, p534]. Simon's result is 
an a-priori estimate on (0, oo) x X . We however consider (to, too) x X with (to, too) 
bounded. We prove the lemma for completeness. 

Lemma 4.3. Let X,V,E,R be as above. Let to < too, and f E Cf^(to,too) 
with (j4.6p for some Cf > 0. Then, there exist 9,5,,,C<, > depending only on 
X,V, E, R,Cf such that ift^ € (to, too), if u £ C^^{tQ,t^,) satisfies (|4.5p and if 

(4.13) ||^.||pl.y2(,^,^)<^*, 

(4.14) limsup|lu(t)||i2 < S, 

t-s-to 

(4.15) sup (EiO)~ E{u{t))) <S, 

(4.16) \\dtuhlJto.t,)<^ 
for some < 6 < min{l, S^}, then we have 

(4.17) sup ||u(t)||i2 < C,(5^ 

tG(to,t.) 

Proof. By (|4.14l) . it suffices to prove 

(4.18) [ " \\dtu{t)\\L2dt < CJ^ . 

J to 

By the Schwartz inequality and (|4.16p . for every [f ,t") C (to,t,), we have 

(4.19) f \\dtu{t)\\L2dt < Vt^\\dtu\\L2^^^t',t") < Vit"-t')S. 
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Let r > be a sufficiently large constant; in the proof of Lemma [4.31 a constant 
means a real number depending only on X, V, E, R,Cf. If — io < 8T, then by 
(j4.19p . we have (|4.I8p : we may therefore assume t^, — to > 8T. Choose ti,tQ € {to, t*) 
so that T <ti-to <2T,T <t^-te <2T and te-ti= jT for some integer j > 4. 
Then, by (|4TT9)) . we have 

(4.20) r wdMm^^ < vts, r wdtum^.^ < vts. 

By (|4.13p . u satisfies (|4.9I) with (I4.10p . Therefore, u satisfies the Schauder esti- 
mate (|4.12p . Therefore, by (|4.13p and (|46|) . we have 

for some constants C(, C" > 0. We may therefore assume that 

(4.21) ||u||^2.i/2^j^ is sufficiently small. 

Differentiating (14. 5p with respect to t and using (|4.2ip . we have: 

(4.22) w — dtu,g = dtf satisfy (14. lip with 0,1/2., , > sufficiently small. 

We may therefore apply Proposition 14. 21 to dtu repeatedly on (ti, ie) since t^ — ti > 
4T is assumed to be sufficiently large. Therefore, there exist constants ft., (^a, C3 > 
and integers ii, 12 with 1 < Ji < 12 ^ J — 1 such that: if 1 < ii, then we have 

either \\dtu\\L2 ^(^t^+iTM+(i+^)T) < (i''''^\\dtu\\Ll ^(t^+(^-l)TM+^T) 

(4 23) 

or h'"''\\dtu\\L2jt^+,TMH^+i)T) < l|C/e-2(*-*°)L2^(t^+(,„i)T,oo) 
for every i g {1, . . . ,ii — 1}; if zi < 12, then we have 

(4.24) C3e-2(*-*o) < ||9*u(i)|U2 < i3/2)\\dtuit')U2 
for every t, i' G (ti + ziT, ii + i2T) with |i' - <| < T and we have 

(4.25) WdMmLl < {l/2)\\dMmLl 

for every t G (ii + iiT, ti + 12?^); if 12 < j ^ 1, then we have 

(4.26) \\dtu\\L2^(t^ + (i^i)TM+iT) < e~''^||9tu||L2^(t^+,T,ti + (*+l)T) 

for every i e {^2 + 1, • • ■ , j - !}■ Set = ii + isT- Then, by (|426| and (|4T9l) . we 
have 



(4.27) 



I \\dtu{t)\\Lldt < Vf\\dtu\\L2 jt,+iT.t, + ii+l)T) 



In a similar way, by (|4.23p . there exists a constant Ct^h > such that 
(4.28) f ' \\dtu{t)\\Lidt<CT,hV6. 
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If ii — 12, then by (|4.20|) and (|4.28p . we have (|4.18|) : we may therefore assume 
ii <i2. Set t3 = t2+ T/3, ti = t<s - T/3. Then, by (j4l9l) . we have 

(4.29) / ' \\dtu{t)\\Lidt < V(r/3)5, /'||atu(t)|U2dt< V(r/3)<5, 

Jt2 Jti 



(4.30) / \\dtu{t)\\L2dt< V(7T/12)(5. 



By (|4.22p . we may apply the Schauder estimate (|4.12p to w = dtu,g ~ dtf- 
Therefore, by (|4.6p and (I4.24[) . there exists a constant C2 > such that for every 
t € [t^, ^4], we have 

(4.31) \\D,dtu{t)\\L2 < C2\\dtu{t)\\L2. 

By dMU, u satisfies (g^]) with i? satisfying (g^. Therefore, by and (|i3T|) . 

for every t € [^3,^4], we have 

||atu(t)+gradi;(?/(i))|U2 = ||92u(f) + i?||^, < (3/4)||9tu(t)|U2. 

Therefore, by (|4.2ip and (|4.15p . we have (|4.4I) . Therefore, by Proposition 14. 1[ we 
have 

(4.32) ^ ' \\dMt)U2dt < (4/0) (^\E{u{ts)) - E{0) 

for some constant 9 > 0. Since i? satisfies (|4.ip with (|4.3p and u satisfies the 
Schauder estimate (|4.12|) . there exist constants CgjCa > such that 

\E{uih))-EiO)\<C',\\uit,)\\l, 

(4.33) / \' 

<C3 sup 11^(01^2 +e-2(*3-*o) . 

\te(t3-T/4,t3+T/4) " J 

By (11201), and (gSOl), there exists a constant C4 > such that 

rts+T/i 

sup ||w(t)||L2 < limsup |jM(i)||L2 + / \\dtu{t)\\L2dt < dVS. 

te(t3-T/4,t3+T/4) t-i-to Jto 

By (|4.24p and (|4.19p . there exists a constant C5 > such that 

g-2(t3-to) < 

Thus, (|4.33p is bounded by C'eS^ for some constant Cq > 0. Therefore, (|4.32l) is 
bounded by CjS'' for some constant C7 > 0. Therefore, by (1420)) . (g^Zl), (14^28)) 
and (|4.29p , we have (|4.18p . This completes the proof of Lemma 14.31 □ 

5. Completion of the Proof 

In this section we complete the proof of the main result of this paper. 
We shall first prove Theorem 12.21 

Proof of Theorem \2.'2[ Let (/)' be a parallel calibration of degree m on the Euclidean 
space (R",f;'), and let ip' be as in (|2.1I) in Section [2l or equivalently as in (|3.7p in 
Section[3l Let X be a compact i/j'-submanifold of S*"^^. Let < Z < 1. Suppose: 

(50) e > is sufficiently small; 

(51) < ao < 60 < oi < ^1, ao/60 = ai/bi — I; 



14 



YOHSUKE IMAGI 



(82) g is a Riemannian metric on with 

llff-ff'llci < e, Il5-.9'llc2 < 1 
with respect to g' , and is the ball of radius bi centered at in 

(53) is a calibration of degree m on (i3"(6i), g) with 

(1 + log— ) sup < e 

ao S"(bi) 

where | • | is with respect to g', and i3"(6i) is the ball of radius bi centered 
at in (M",g'); 

(54) M is a 0-submanifold of (M", g), and M is a closed subset of (oq, bi) x 5'"^-'^, 
where (ao,fei) x S*"^^ is embedded into R" by (r, y) i— > ry; 

(55) there exists a normal vector field on {ai,bi) x X in {{ai,bi) x S^~'^,g'), 
where i = 0, 1, such that 

Mn{{a„b,) X 5"-i) = GcyM) with < e 

in the notation of Section [2] 
Let ip be as in (|3.3p in Section [31 Then, by (S3) and (S5), we have 



(5.1) sup 

re(ao,6o)U(ai,fci) 



^ - Vol(X) 

Mn{r}xS"-i 



< Ce 



for some constant C > 0; in the proof of Theorem 12.21 a constant means a real 
number depending only on l,m,n,X and 0'. 

By Proposition 13.41 the Stokes Theorem and (|5.ip . we have 

(5.2) / \pTj.j,,^dr\^ dYoliM, g/r^) < (2C/m)e + C^,„ sup |0 - 0'| Vol(M, g'/r^). 

Therefore, by Proposition 13.51 and (j5.ip . we have 

Vol(M, g'/r^) < C log — + C (1 + m log — ) (e + sup !<?!'- (/-'I Vol(Af, g'/r^)) 
ao ao 

for some constant C > 0. Therefore, by (S3), we have 

(5.3) Vol(M,57r2) < C"log — 

ao 

for some constant C" > 0. Therefore, by (|5.2p . we have 

(5.4) [ \pTj.M^dr\^dVo\{M,g/r^) <C"'e 

for some constant C" > 0. Choose a constant > so that if / is an open 
interval of (0, oo), and if is a normal vector field on / x X in (/ x S*"^^, g') with 
lli'llcOj — then Gcyi{v) is contained in a tubular neighbourhood of / x X in 
(/ X 5"^^, 5'). Here, Gcyi(i^) is as in Section[2j If e* is sufficiently small, then we 
have 

as in [H (7.13), p561] or [H 3.2, Part I]. Therefore, by we have 

(5.5) / \rdr{iy/r)\^ dYoliA4, g/r^) <2C'"e. 
JMn(/xS""i) 
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Choose < A < A" < A' < 1 so that IX' < X < X" < I < A'. By we may 

apply Lemma [3^ to M n ((A6i, 61)) x S"~^. Therefore, there exists a normal vector 
field v on (A6i,6i) x X in ((A6i,6i) x S'"-\.g7r2) such that 

(5.6) M n ((Xbi,bi) X S-"-!) = Gcyi(i^) with ||i^|(A"bia'6i)xxllci^;/2 < £*• 

Let S* be the set of all 6* e [A'ao/A, ai) such that there exists a normal vector field 
ly on (6*,ai) x X in ((6*,ai) x S^^^^,g'/r^) such that 

(5.7) Mn ((6*,6i) X S-"-!) = Gcyi(i^) with ||i^|(f,.,ai)xx|lci^y2 < e*. 
5* is non-empty since X"bi G 5* by ([5j 



Proposition 5.1. Suppose 5* € S"* H [Aao/A',61), anrf /e< ly be as in (j5.7p . Then, 
there exist constants cio,Cio > smc/i i/iai 



Proof. By Proposition 12.11 -''^ is a minimal submanifold of S*" ^. By (S4), Af is a 
minimal submanifold of ((ao,6i) x S'"~^,(7) with ||g — g'\\c^{B(bi)) < 1 as in (S2). 
Set 

u{t,x) = e*/™i^(e~*/™a:), to = -mlog6i,i* = -mlog6*. 
Then, by a result of Simon [Ml Remark 3.3, Part I], u satisfies (|4.5p for some i?, i?, / 
depending only on m,n, X. We shall apply Lemma 14.31 to u. By (|5.7p . we have 



Therefore, we have ([413]) . By (S5), we have gH]). By ([53]), and (S2), there 
exists a constant Cn > such that 



\\dtu\\i. / |r9,(j./r)|^dr/rdVol(X)<Cne. 

Therefore, we have (|4.16p . It suffices therefore to prove (|4.15p . In a way similar to 
(EB), by dlJl), we have 

sup Vol(X) - Vol {AI n {b} X S''-\g'/r^) 

b&{b.,bi) 

< sup / "0 - / "0 + ^126 

66(6.,6i),6'6(ai,fci) J A/n{b' } X 5"- 1 JMn{6}x5"-i 

for some constant C12 > 0. By Proposition (|5.4p . (|5.3p and (S3), we have 



sup / V" - / "0 < Giae 

fce(fc.,fci),b'e(ai,bi) JA/n{6'}xS"-i JAfn{6}x5"-i 

for some constant C13 > 0. Thus, there exists a constant C14 > such that 
sup Vol(X) - Vol {M n {b} X S^'-S g'/r^) < C^e. 

be{b,,bi) 

Therefore, we have (|4.15p . We may now apply Lemma 14.31 to u. Therefore, as in 
(|iT7)) . we have 

sup < Cise^i^ 

tG(to,t.) 

for some constants ci5,Ci5 > 0. Therefore, by interpolation and ()5.8p . we have 

lkl(fc.,ai)xx||ci = \\u\\cl^{-m\oeai.t,) < do^"^" 
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for some constants Cio,cio > 0. By (S5), this proves Proposition l5.ll □ 

Suppose 6* e S**. Then, by Proposition 15.11 we may apply Lemma [3.61 to M D 
((A6*/A', 5*/A') X S*"^^). Therefore, A"5*/A' € S"*. Therefore, 6* is an interior point 
in S"*. is thus an open subset of [A'ao/A,ai). 

By definition, S'* is a closed subset of [A'ao/A, ai). S** is thus a non-empty open 
cfosed subset of [A'ao/A, ai). Therefore, 5* = [A'ao/A, ai). Therefore, A'ao/A G S'*. 
Therefore, by (|5.7p and Proposition l5.1[ we have 

Mn ((A'ao/A, 6i) x = G,yi{iy) with |M(A'a„/A,fci)xxllc,V, < C'loe'^"- 

Therefore, by (S5), we have (|2.3p . This completes the proof of Theorem 12.21 □ 

We shall prove the main result of this paper. 

Proof of Theorem Let Vl^ be a Calabi-Yau manifold of complex dimension m 
with Kahler metric g, and fg : {U,ujs) (C™,a;') a smooth family of Darboux 
charts centered at p as in Section [T] Choose a normal chart f -.U ^ C" centered 
at p in {W, g) with df = d/s at p. For every s > sufficiently small, choose 
ao, 607 Oil ^1 so that 

(ao,foo) X ^2"-! c /'(i?(a,)\i3(a,/2)), {a^M) x ^'"-^ C /'(i?(26,) \ 5(6:)), 

where (a, 6) x S*^™^^ are embedded into C™ by (r, y) 1— > ry. Suppose there exists a 
compact special Lagrangian submanifold Ms satisfying (Bl) and (B2) in Section[T] 
Set 

(5.9) M = /'(M, n C/) n ((ao, fei) x ^^^-i). 

We shall prove (AI), (A2), (A3), (A4) and (A5) of Theorem [2^ It is easy to see 
(AI) and (A4). We have (A2) since /' is a normal chart. We have (A3) since 
as — 0{s),bs — 0{s^) by assumption. It suffices therefore to prove (A5). Let K 
be a Lawlor neck as in Section [U As in Butscher [H Theorem 6], K satisfies: 

/' o f-\sK) n ((ao, 60) X 5-2"-!) is sufiiciently close to (ao, 60) x X 

in the C^yj-topology whenever s > is sufficiently small and R is sufficiently large. 
Here, C^yj is as in Section [2j Since Mg satisfies (Bl) as in Section [1] we have: 

/' o fs^{sK) n ((ao, 5o) X 5-2™-!) is sufiiciently close to M n ((ao, 60) x S^"^'^) 

in the C^yj-topology whenever s > is sufficiently small. Thus, we have: 

(5.10) M n ((ao, feo) X 5-2™-!) is sufficiently close to (oq, 60) x X 
in the C^il^yj-topology. Since Ms satisfies (B2) as in Section [H we have: 

(5.11) Mn ((ai,6i) X S-^^-i) is sufiiciently close to (ai,6i) x X 

in the C^yj-topology whenever s > is sufficiently small. By (j5.10p and (|5.11l) . 
we have (A5). We may now apply Theorem 12.21 to M. Therefore, as in (|2.3I) . M 
is the graph of some normal vector field on (ao,6i) x AT in (ao,6i) x S'^"*"^ with 
C^yj-norm converging to as s — )■ +0. 

By using a partition of unity, choose a compact Lagrangian submanifold Ns of 
{W,ujs) such that 

Nsr\B{as) = f;\sK)r\B{as), Ns\ B{bs) ^ Fs{Li U L2), 
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and f'{Ns U) D ((ao,6i) x S^^^i) is sufficiently close to (ao,6i) x X in the 
C(^yj-topology whenever s > is sufficiently small; see Y. Lee [ini 3. Approximate 
submanifolds] or Joyce [7, Definition 6.2]. Then, for every s > sufficiently small, 
there exists cq G (ao, 6o) such that Af n((6o, ai) x S*^™"^) is contained in the graph of 
some normal vector field on f'{Ns nU)n (cq, ai) x S^"-! in ((cq, ai) x S^"-!, /^g^) 
with C^-norm converging to as s —J' +0. Therefore, since Mg satisfies (Bl) and 
(B2) as in Section[Tl Mg is the graph of some normal vector field x on Ng in {W, gs) 
whenever s > is sufficiently small. 

xjlJs is a 1-form on Mg since is Lagrangian with respect to lJs- Since K is 
diffeomorphic to M x S"^~^ with m > 2, the restriction of x^ujg to Mg n B{as) is 
an exact 1-form. By assumption, the restriction of xjuj^ to \ B(bs) is an exact 
1-form; see (B2) in Section[TJ By assumption, Fs{Li) \ B{bs) and Fs{L2) \ B{bs) 
do not intersect. Thus, xjuJs = dh for some smooth function h : Ng — >■ M. 

Ms is thus the graph of dh on N^. In the same way, if M'^ is another special 
Lagrangian submanifold as in Theorem 11.11 M!, is the graph of dh' on Ng for some 
smooth function h' : Ng ^ K. Therefore, M'^ is a time-independent Hamiltonian 
deformation of Mg. Therefore, by a result of Thomas and Yau [151 Lemma 4.2], 
M'g — Ms ■ This completes the proof of Theorem 11.11 the main result of this 
paper. □ 
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